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Analysis of Covariance

Analysis of Covariance:

A Delicate Instrument!

JANET D. ELASHOFF
Stanford University

Covariance analysis is a popular technique. It is widely used to
“adjust” criterion scores such as achievement for the effects of a
covariate such as ability in order to compare several treatments. How-
ever, analysis of covariance procedures must be applied and inter-
preted with care. As Kendall (1946) put it:

. we would emphasize that the analysis of variance [and covariance], like
other statistical techniques, is not a mill which will grind out results automatically
without care or forethought on the part of the operator. It is a rather delicate
instrument which can be called into play when precision is needed, but requires
skill as well as enthusiasm to apply to the best advantage. The reader who
roves among the literature of the subject will sometimes find elaborate analyses
applied to data in order to prove something which was almost obvious from
careful inspection right from the start; or he will find results stated without
qualification as ‘“significant” without any attempt at critical appreciation.

Here, I will attempt to describe more exactly just what covariance
analysis does and doesn’t do, to point out the advantages and limita-
tions of the technique, and to discuss the conditions the data must
satisfy for covariance analysis to be a valid technique.

Section II contains a brief review of covariance analysis, the underly-
ing model and necessary assumptions.

Section III contains a discussion of the assumptions about the
data which must be satisfied if covariance is to be a valid technique,

1This research was carried out at the Stanford Center for Research and De-
velopment in Teaching at Stanford University, pursuant to a contract with the
United States Department of Health, Education and Welfare, Office of Educa-
tion under the provisions of the Cooperative Research program.

383



American Educational Research Journal

a description of the effects on the covariance procedure if an assump-
tion is not satisfied, and suggestions for checking the assumptions.

Section IV contains a discussion of covariance analysis in relation
to other techniques: adjustments using between-groups regression,
and matching or blocking.

MODEL AND ASSUMPTIONS

Covariance analysis is designed for the following type of experi-
ment. Suppose that a total of nt individuals are selected at random
from a population of interest. A measurement x is made on each
individual. Then n individuals are assigned at random to each of t
treatments. After the treatment has been applied a criterion measure-
ment y is made for each individual. Thus we have two scores xi; , v;;
for the i'" individual in the j*" treatment (i = 1,...,n,j =1,...,1t).
The research questions are: are the average criterion scores signifi-
cantly different for the t treatments? What are good estimates of the
average criterion scores in each treatment?

The research questions could be answered by ignoring the x meas-
urements and performing an ordinary analysis of variance on the
criterion scores y;;. However, since the x variable is thought to have
a large influence on the criterion variable we might like to answer
the same questions with y scores “adjusted” for x. We might then
compare treatments using a covariance analysis to “adjust” criterion
scores for the x scores if the necessary assumptions can be satisfied.
The covariance procedure would reduce possible bias in treatment
comparisons due to differences in the covariate x and increase pre-
cision in the treatment comparisons by reducing variability in criterion
scores “due to” variability in the “covariate,” x.

For example, suppose that the “treatments” are teachers of high
school French. Students are given the Modern Language Aptitude
Test (MLAT), the x variable, at the beginning of the course and a
standard French achievement examination, the y variable, at the end
of the first semester. The investigator wishes to estimate the effec-
tiveness of each teacher using the class achievement scores but adjust-
ing for the initial language ability of the class. (In this kind of
investigation it often happens that assignment to treatments is not
at random.)

The statistical model for analysis of covariance is composed of four
independent terms

1) Yij = p + o + B(xi; — X) + e

where p is the mean of the criterion variable y across individuals
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and treatments and «; is the differential effect on the mean due to
treatment j. In the covariance model, however, individual variability in
achievement is not lumped into one term but divided into two parts—
variability due to a linear regression on x, B(x;; — x), and unex-
plained variability e;;. The e;; are assumed to be an independent
random sample from a normal distribution with mean zero and
variance o?°.. The null hypothesis to be tested is that «; = 0 for all
j—that is, there is no difference among treatments not due to differ-
ences in the covariate. For an introduction to covariance analysis
and the details of the computations, see Cochran (1957), Dixon &
Massey (1957), Myers (1966) or Winer (1962).

Thus, the analysis of covariance is a valid technique for testing for
differences in average criterion scores among treatments if we can
assume:

a) random assignment of individuals to treatments,

b) within each treatment, criterion scores have a linear regres-
sion on x scores,

c¢) the slope of the regression line is the same for each treatment
(there is no slope-treatment interaction),

(2) d) for individuals with the same score x, in the same treatment,
criterion scores, y, have a normal distribution,

e) the variance of the distribution of y scores for all students
with the same x score in a particular treatment is the same
for all treatments and x scores.

f) criterion scores are a linear combination of independent com-
ponents: an overall mean, a treatment effect, a linear re-
gression on x, and an error term.

Since the covariate model
Yij=pt o+ B(xi; — T + e
can be rewritten as
Vi =Y —Bxi; — %) = p+oa; +eqj,
covariance analysis could be viewed as an analysis of variance on
adjusted scores y;;" if 8 were known. However, since §8 is estimated
from the data, the adjusted treatment means ¥/ — 5, — b(%; — %)

are correlated, and the numerator of the covariance F test for differ-
ences in adjusted means is not identical to

t

don @ =/ (t—1).
j=1
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In a randomized experiment the gain in precision obtained by
making treatment comparisons using covariance analysis based on
linear regression rather than by using analysis of variance depends
on the correlation between x and y within treatments. If the within-
treatment correlation between x and y is p, then Cochran (1957)
states “If 0%, is the experimental error variance when no covariance
is employed, the adjustments reduce this variance to a value which is
effectively about

1
@ o d—p) Aty —y)
where f. is the error number of d.f.” Therefore, if p is smaller than
0.3 in absolute value the increase in precision of covariance analysis
over analysis of variance will be negligible.

The validity of the analysis of covariance depends on how closely
the data satisfy the necessary assumptions. Some of the assumptions—
such as normality—are necessary for statistical convenience, others
like no treatment-slope interaction are necessary for the covariance
technique to be logically meaningful. In the next section we discuss
each of the assumptions in detail, describe the effects on the analysis
of covariance when an assumption is not satisfied, and suggest methods
for checking the data for the validity of the assumptions. Each assump-
tion will be considered separately—very little investigation has been
made of situations where more than one assumption is unsatisfied.

EFFECTS OF ASSUMPTIONS
Randomization

The analysis of covariance is based on the assumption that individuals
are randomly assigned to treatmmet groups and that all groups are
treated exactly the same except for treatments. However, covariance
adjustment procedures are often recommended for reducing bias due
to the covariate in studies where the experimenter must work with
intact groups. Covariance analysis can indeed be useful where as-
signment to groups is not random but the results must be interpreted
with caution. Winer (1962) remarks, “At best covariance adjust-
ments for initial biases on the covariate are poor substitutes for direct
controls.” (See the section on blocking at the end of this paper.)
Evans and Anastasio (1968) distinguish three separate cases:
1) individuals are assigned to groups at random and treatments are
assigned to groups at random, 2) intact groups are used but treat-
ments are assigned to groups at random, 3) intact groups and
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treatments occur together naturally. Covariance analysis is appropriate
for case 1, may be used with caution for case 2, and is likely to be mis-
leading when used for case 3 (see page 388).

There are two major difficulties involved in the interpretation of
covariance analysis when individuals are not randomly assigned to
treatments. First, we can never be sure that the covariance adjust-
ment has removed all bias—some bias may still be present from a
disturbing variable which was overlooked. Secondly, when the x
variable shows real differences among groups covariance adjustments
may involve extrapolation.

To illustrate, suppose that teaching methods A and B are to be
compared and that the class using method A was composed entirely of
high ability students while the method B class consisted only of low
ability students. A covariance analysis is performed and, on the basis
of the within-class relationships between ability and achievement, we
obtain mean achievement scores for methods A and B which are esti-
mates of the achievement scores that would have been observed if meth-
ods A and B had been used on classes of equal and average ability.

Bias may still be present. Perhaps the high ability class volunteered
to take the class, had fewer students, or the low ability students
were repeating the subject. It may make no sense to think about
comparing methods A and B for students of average ability, perhaps
each has been designed specifically for the ability level it was used
with, or neither method will, in future, be used for students of average
ability. Statistically adjusting for ability is not the same as holding
ability constant.

The regression slope used in the adjustment must be based entirely
on high and low ability scores and there is no assurance that a linear
regression holds throughout the entire ability range. The relationship
between ability and achievement may be different for students of
intermediate ability.

The farther apart the two groups are in mean ability the more
imprecise is the estimate of the difference in the adjusted treatment
means. The variance of the difference between the adjusted means
of the high and low ability groups depends on the square of the
difference between their mean ability scores. (Any imprecision in
estimating the slope of a line makes more difference in the esti-
mated position of the line the further one extends the line from the
overall mean.) Accordingly, Cochran (1957) states “. .. the adjusted
difference may become insignificant statistically merely because the
adjusted comparisons are of low precision.”
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Lord (1963) expresses the issue strongly—the random assignment of
individuals to treatments

. is the logical (not merely the statistical) prerequisite to a controlled ex-
periment. If the individuals are not assigned to the treatments at random, then
it is not helpful to demonstrate statistically that the groups after treatment show
more difference than would be expected by random assignment—unless, of course,
the experimenter has special information showing that the non-random assign-
ment was nevertheless random in effect. If, as often happens, randomized assign-
ment is impossible, then there is often no way to determine what is the appropriate
adjustment to be made for initial differences, and hence often no way to show
convincingly by statistical manipulations that one treatment is better than another.

To ensure that the assumption of randomization is satisfied, assign-
ment to groups and treatments must be made at random. There is
no way to tell afterwards if assignment has indeed been random in
effect. If other variables known or suspected to influence achieve-
ment have also been measured they may be included in the adjustment
or separately checked for possible contributions to bias by comparing

their distributions in each group (see Cochran (1965)).
Covariate Independent of Treatment

A Dbasic postulate underlying the use of analysis of covariance to
adjust treatment means for the effects of the covariate x is that the
x variable is statistically independent of the treatment effect. In
other words, this means that the distribution of covariate values is not
affected by the treatments either through direct causation or through
correlation with another affected character (and the x variable does
not affect the treatment). To achieve this statistical independence,
the x variable should be measured prior to the administration of
treatments and treatments should be assigned to groups at random.
Therefore, if the treatments themselves produce the differences in
covariate means or the treatments are not manipulated as independent
variables but are classifications of naturally occurring groups this
assumption will not be valid. Evans and Anastasio (1968) comment
that

. when treatment and covariate are inherently related, there is likely to be a
strong linear correlation between treatment effects and covariate means. This
circumstance . . . makes the assumption of homogeneity of between-group and
within-group regression quite generally untenable.

When the covariate x is affected by the treatment, the regression
adjustment may remove part of the treatment effect or produce a
spurious treatment effect. If, for example, achievement were adjusted
for study time but amount of study time were an inherent character-
istic of the teaching methods, then a comparison of such adjusted
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achievement means is meaningless. Actually holding study time con-
stant would have changed the treatments.

An analysis of variance of the covariate may be useful as an indi-
cation of whether or not the treatments are affecting the covariate.
Analysis of covariance is inappropriate if the covariate is not inde-
pendent of the treatment.

Covariate Measured Without Error

Analysis of covariance procedures are based on the assumption
that the concomitant variable, x, is measured without error. Lord
(1962) says,

Making allowances for initial differences among groups on a poor measure of
some variable is not the same thing as making allowances for initial differences
on the variable itself. If the variable in question cannot be reliably measured, it

should be controlled experimentally (by randomization) if possible. Otherwise,
some special modification of the analysis of covariance is desirable (Lord, 1960).

Cochran (1968) discusses the effect of errors of measurement in the
x variable on covariance analysis. Suppose that the covariance model
(1) holds where x is an individual’s “true” score. However, we can
only measure X

(4) X —2x+d

where d is the error of measurement. If x and d are normally and
independently distributed and the regression of y on x has slope
. o?,
B, then the regression of y on X will have slope B (———)
g 21 + o? d

or 3 times the reliability of X.

The error of measurement in X will decrease the precision of the
experiment by increasing the error variance to 0%, + B?c?, (1 —Ry)
0-2
where Ry=__"" | the reliability of X. The difference in
0-21' + O'le
adjusted treatment means will have expected value

oy, — oy + B (1 — R\') (,U«za: - I-Ln)

where u;y is the population mean of x for treatment j. Thus with
random assignment to treatments the adjusted treatment means will
still be unbiased but if real differences in the mean of x exist in differ-
ent treatments the covariance adjustment will not remove all the bias
due to x. (In large samples, a fraction, 1 — R,, of the bias due to
differences in x will remain in y even after the covariance adjustment
using X). Note that if y were assumed to have a linear regression
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on X, or “measured ability” this problem would not arise, we would
simply adjust for X and ignore x.

If the x variable cannot be measured reliably, additional assump-
tions must be made about the model or additional information about
the magnitude of the measurement error must be obtained in order to
derive an appropriate covariance procedure.

Lord (1960) presents a large-sample analysis of covariance pro-
cedure for two treatment groups where each individual has one
measurement on the criterion variable and two duplicate measure-
ments on a covariate which is subject to measurement error. Porter
(1967) developed a covariance procedure for t groups using estimated
true scores for x for situations where an estimate of the reliability of X
is available. He also investigated the effects of different parameter
values on Lord’s procedure and his own “true score” procedure.

Linearity

There are many ways in which the criterion variable, y, and the
covariate x could be related. This relationship must be known or
estimated in order to “adjust” y scores for the effects of the x scores.
The appropriate form of adjustment must be based on theoretical
grounds, prior experimentation, or examination and analysis of x, y
scatter plots. If an incorrect adjustment is made, the assumptions
made about the residuals e;; (i.e., normality, homogeneity of vari-
ances, etc.) will generally not hold, not to mention the questionable
meaning of the “adjusted” scores.

While a covariance type of analysis may be developed for many
models describing the relationship between x and y, the standard
covariance analysis assumes that the covariate has a linear relationship
with the criterion variable (see equation (1)). It is often argued
that a linear model may provide an adequate fit for other relationships
between x and y and is simple to use and interpret. But how seriously
are the results of standard covariance analysis affected if the true
relationship between x and y is not linear?

Atiqullah (1964) investigated the effect on treatment comparisons
obtained using standard covariance analysis for the case where the
true regression of y on x is quadratic:

(5) y;j:,LL+a,+B(x,-,~—a_c) +0(.‘13,:j—._‘1.3)2+€“.

For comparisons of two treatments, the estimated mean difference,
&, — &,, derived under the standard covariance model (1) is biased
unless the x observations are random samples from the same normal
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population. The amount of bias depends on 0, ¥, — ., X (x; —x,)° —
S (x;—x,)°, 22 (x;—Zx,;)?. (Note that the effect of nonlinearity is
most severe when random assignment to groups is not possible or
protection against non-normality in the y’s is lowest).

Asymptotic results (for t large) indicate that comparisons of t
treatment means (including the overall F test for adjusted treatment
differences) are seriously biased even if the x observations have the
same normal distribution in each group unless the coefficient of the
quadratic term, 6, is quite small.

The simplest check for linearity is a carefully prepared set of x-y
scatter plots for each treatment group. Gross departures from linearity
will be easily discovered. A test for linearity of regression is given
in Hays, Chapter 16. If that technique is not applicable a general
regression program may be used to examine the increase in explained
sum of squares due to the addition of a quadratic or cubic term in x.

If the linearity assumption is not satisfied, adjustments should be
based on a more accurate model of the relationship between x and
y. Transformation of the data may be helpful in producing a linear
relationship (see Kruskal (1968)). In future experiments involving
x and y, matching or blocking may be a useful alternative procedure,
see the section on matching.

Homogeneity of Regression

The standard covariance analysis procedure rests on the assumption
that the regression of y on x is linear, and that the slope is the same

for all treatment groups (there is no treatment-slope interaction).
The model is:

(1) Yii=p +a; + B(xi; —T) + e
If there is a treatment-slope interaction an alternative model is:
(6) Yij = p +o; + Bi(xi;—T) + e

If model (1) obtains and there is no treatment-slope interaction,
then the treatment which is best on the average (has the largest a;)
is also best at each level of x by the same amount. However, if there
is a treatment-slope interaction as in model (6) where 8; # B; then
the treatment which is best on the average may not be best at all =
levels. If model (6) holds it is questionable whether a covariance-type
of analysis is relevant. If the slopes differ markedly from group to
group an investigation of the treatment-slope interaction and a com-
parison of treatments at each level of x may be appropriate.
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The assumption that there is no treatment-slope interaction may be
checked by comparing scatter plots of y versus x for each treatment
group. A test for the equality of the slopes of the regression lines
within the groups, i.e., a test of H,: B8, = B, ... = By, is given by
Winer (1962), p. 587.

Suppose that covariance analysis still seems appropriate even though
(6) is the correct model. What effect would this have on the treatment
comparisons obtained using a standard covariance analysis?

Atiqullah (1964) derived E (&, — &,) and Var (&, — &) for com-
parisons involving two treatment groups and found the approximate
distribution of the overall F for t treatments. Atiqullah distinguishes
three situations: (1) there are only two treatment groups, (2) we
are comparing two treatment means but there are t treatment groups,
(3) comparisons of t treatments (t > 2). He introduces notation

Wjj ——‘2 (.’L‘ij—ij)z and Wg = EW,')'.
i
When there are only two treatment groups and model (6) is correct,
the difference in adjusted treatment means, %', — ¥’,, obtained by a
standard covariance analysis is biased unless the mean of the con-
comitant variable x is the same in both groups or the variance of the
x’s is the same in both groups.

. . . R _ _ (W, — W)
E (a,—ag \ (6)) = 0; — 0y — (ﬁt—,Bz) (.’B,—l‘g) —2W2

(7

2 X, —X,)*

Var (&, —&,) — o? <W+f%)

Although the formula for the variance of a;, — a, obtained under
model (1) is still correct for model (6) the estimate of o~ obtained
using model (1) will be an overestimate if model (6) is true. Writing
rij =Yi,—p—a;—B(xi;—%) =(B;—p) (xij—T) + e as the
“true residuals” when model (6) holds but the model (1) approach
is used, we find

®) o, = IZ(B;— ) (xi;,— D) + o

which is always larger than o?. by an amount depending on the
(B;— B)>. Under these circumstances use of model (1) when model
(6) obtains can be expected to result in a conservative F test even
when &, = X, or W,, = W,,. Atiqullah recommends “in the absence
of a prior presumption that 8, and B, are nearly equal, the model L,
[ (6) ] should be used, separate regressions fitted and treatment effects
estimated as a function of x.”
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When there are t treatment groups and model (6) holds, adjusted
differences between pairs of treatments (y': — y’,) obtained from a
standard covariance analysis are biased unless the x observations in
each treatment group have the same mean as well as the same
variance.

9)
1
E (&1—&3) = 0, — «; +W[((il—i) W, +(5~'3_i) WH) (ﬂl_ﬁf)
t t
FE—D) Y Wi (B—B) — E@— ) ) Wi (B.—B) |
=3 1=3

Atiqullah’s asymptotic results indicate that the standard between-
groups F-test for t treatments may yield misleading results when
model (6) holds, even if y or x or both of them follow normal distri-
butions. In the special case where x has the same normal distribution
in all treatment groups, ¢°,/0% < 1, and 0° 1is of the order of

B
1/t?, (where
t

_ t
BT R B

j=1 j=1
the presence of
slope-treatment interaction is not likely to affect the F-test seriously.
(Note that in a pre-test, post-test situation it is unlikely that
0% /o < 1.)

Peckham (1968) made a Monte Carlo investigation of the distribu-
tion of the F-test on adjusted means for several sets of parameters
B;. In Phase I he generated x values for each treatment group from
the same normal distribution with the restriction that x; = x;/ and
W;; = W,/ all j, 7. In Phase II he allowed &; # X,/ but fixed t = 2.
He found that the F-tests were increasingly conservative as ¢? in-
creased. B

Normality

Covariance analysis is based on the assumption that within each
group at each ability level the criterion variable, y, has a normal
distribution. That is, the residuals e;; are normally distributed. How
robust is the technique to non-normality?
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The ordinary analysis of variance F-tests for differences in treat-
ment means in the standard orthogonal cross-classifications are not
strongly affected by non-normality (see Atiqullah 1962)). However,
Atiqullah (1964) found that the analysis of covariance F-test is
“. .. appreciably affected by non-normality even in balanced classi-
fications. The degree of sensitivity to non-normality is determined
by the distribution of the concomitant variables.”

Atiqullah (1964) investigated one-way analysis of covariance classi-
fications with one concomitant variable x. Assuming that the e;; are
uncorrelated, with mean zero, equal variances o2, and constant kur-
tosis ¥, (y. = 0 for a normal distribution) the effect of non-normality
in the y scores can be judged approximately by the sizes of factors
(I + y.C,) and (I + v,C,). The approximate formulas for the C;
involve the degrees of freedom for treatments and error, moments
of the distribution of the x’s, and whether x is fixed or random. Using
these formulas, the C; can be calculated and the effect of non-normality
judged for any particular problem.

Using this approach, Atiqullah finds that non-normality in the
distribution of y’s, the criterion variable, has little effect on the F-test
for differences in treatment means when the distribution of x’s, the
concomitant variable, is normal.

Note that the distribution of the e;;, whatever it is, is assumed to
be the same in each treatment group. (The next section is concerned
with situations where the distribution of the e;; may not have the
same variance in each group). Note, also, that Atiqullah has not
investigated the effects of skewness in the distributions of the
residuals. (See Elashoff (1968) for suggestions about dealing with
skewed distributions.)

The normality assumption may be examined by plotting x scores
and estimated residual scores e;; on normal probability paper or by
computing skewness and kurtosis coefficients. (See sec. 5.5 in Dixon
and Massey (1957)). In some cases transformations of the data may
be useful in producing more nearly normal distributions. (See Kruskal
(1968) for an introduction to the subject of transformations.)

Homogeneity of Variances

Covariance analysis relies on the assumption that the variance of
y scores for a given x is the same for each treatment group and
independent of x (that is, 0% is constant). There are two major cases:
the variance of the y scores depends on x but for a fixed x is constant
across treatments; the variance of the y scores within a treatment
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is the same for each x but the variances are unequal across treat-
ments.

Potthoff (1965) derives analysis of covariance tests for differences
in two treatment means when o'jj does not depend on x but differs
for the two treatments. His results suggest that the effect of inequality
of variances across treatments on the standard analysis of covariance
n,0%
depends on the size of the factor C* =—1—%;’—

2Oy

where n; is the sample size in treatment group j, and o-xj denotes
the standard deviation of the x scores in treatment j. Thus the
effect of inequality of variances in the y scores across treatments
is minimized when n, — n, and Op, = O, (that is the treatments
have equal sample sizes and the variance of the x scores is the same
in each).

Inequality of variance independent of x may be detected by com-
paring the variances of the estimated residuals across treatments.
See Scheffé (1959), Box and Andersen (1955) or Levene (1960) and
Glass (1966) for several tests for several tests for homogeneity of
variances which are robust against non-normality.

If the variance of the y scores depends on x in a uniform way
across treatments, transformation of the data may be desirable (see
Acton, Chapter 8, Johnston, section 8-2, or Kruskal (1968).) When y
is a measurement such as trials to criterion, counts, or proportions
the variance or standard deviation is frequently proportional to its
mean (and therefore x) and a transformation would be indicated.
Inequality of variances of this nature may be detected by inspecting
scatter plots of the estimated residuals against their corresponding x
values. Rutemiller and Bowers (1968) present a large sample iterative
procedure for estimation and testing of regression coefficients when the
variance of y scores depends on x. The procedure can also be used
to test the assumption of homoscedasticity.

General Conclusions

To sum up, the assumptions that assignment to treatments has been
at random, that the covariate is independent of the treatments, and
that there is no treatment-slope interaction are crucial to the under-
lying rationale for the use of covariance analysis. The assumptions of
linearity, normality, and homogeneity of variances are necessary for
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statistical simplicity and the validity of standard statistical tests;
transformations of the data may be useful for making the data satisfy
these assumptions and alternative covariance procedures which do not
depend on these assumptions have been developed for certain cases.
Generally, violation of the assumption of linearity, homogeneity or
regressions, normality, or homegeneity of variances will be less serious
if individuals have been assigned to treatments at random and the x
variable has a normal distribution.

RELATED TOPICS
Within-Group Versus Between-Group Regression

In covariance analysis treatment means are ‘“‘adjusted” using a
pooled within-group regression slope. Sometimes, however, adjust-
ments of a similar nature are made using a between-groups regression
coefficient.

There are two important cases: 1) there is only one observation in
each treatment group, 2) there is more than one observation per group.
Let us denote the within-groups regression slope by 8., the between-
groups regression slope by B; and their corresponding estimates by
b, and b;.

If there is only one observation per group then clearly there is
no within-group regression and b, is unobtainable. A between-treat-
ment regression slope b; may then be used to “adjust” treatment scores
as an attempt to untangle treatment effects and the effects of the
regression of the criterion variable on the covariate. At best, this
approach provides only a rough approximation to the desired results.

There are two major reasons for this. One—there is no way to
separate treatment effects from “error”’—the ordinary fluctuation in
scores occurring between individuals in the absence of treatment
effects. Thus there is no way to assess the “significance” of differences
between treatments. Second, the between-treatments regression
slope b, calculated by least squares methods, may be unduly affected
by a few extremely effective or ineffective treatments and therefore
its use in adjustments may produce misleading results.

To illustrate, suppose that there are four treatments with only one
observation each and we observe the following outcome:

Treatment 1 2 3 4
x -3 —1 1 3
Y . 0 3 3 6
Yadj 2.7 39 21 33

The estimate of the slope of y on x is b, = 9.
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How much of the apparent difference between treatments (2.1 to 3.9)
is due to actual differences between treatments and how much is due
to differences among the individuals which are not measured by the x
variable? How big a range is 1.8?

To illustrate the second point, we suppose that in the absence of
treatment differences, the criterion score y is exactly equal to the
covariate x, y = x, 8 = 1. Suppose also, that of the four treatments
in the experiment, three have the same effect and one is considerably
more effective than the rest, so that “true” treatment means are
T, =—1,T,=—1, T, = —1, T, — 3. Suppose also that the four
individuals available have x scores, —3, —1, 41, 4+-3. No matter which
individual is assigned to treament four, adjustments using b, will
give treatment four the highest score, but all of the 24 possible indi-
vidual to treatment assignments would result in a misleading assess-
ment of the amount by which treatment four excells, and would give
the false impression that differences existed among treatments 1, 2, 3.
See Table 1. Only “on the average” across all possible assignments do
the results indicate that teacher four is best and the rest are equiva-
lent; even “on the average” however, the size of the difference is not
correct. If random assignment is not used, then even this dubious
assurance is unavailable. In short, in any one experiment b; will be
a biased estimate of 8 and yield biased estimates of the treatment
effects.

TABLE 1
Treatment 1 2 3

true score -1 —1 -1 3

Assignments x -3 —1 +1 +3
1-6 y —4 —2 0 6 b, = 16

Yaaj 8 —4 —16 1.2

7-12 x 3 1 -1 -3
Yy 2 0 —2 0 bt = 4

yatl_i 8 —4 —1.6 12

13-18 x -3 -1 3 1
4 —4 —2 2 4 b, = 12

Yoaj —4 —8 —16 28

19-24 x -3 +1 +3 -1
v —4 0 2 2 b, — .80

Yadj —16 —8 —4 28
Average over Ely,,;] —-2/3  —2/3 —2/3 2 b, = 1.0

all 24
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If there is more than one observation in each group then both S,
and f3; can be estimated. Under the model for which covariance analy-
sis is appropriate, the pooled within-group regression slope b, is
the appropriate one to use in making adjustments. If individuals have
been assigned to treatments at random then under the null hypothesis
of no treatment effects, the means of the treatment groups will fall
around the same regression line as do the individuals within treatments
and B, = B: (see Lord (1962)). Then b, and b; are estimates of the
same quantity, but b, will generally have higher precision than by;
the existence of any treatment effects will tend to bias the estimate b,
in a particular experiment (see Table 1).

A test of the hypothesis 8, = B: is given by Winer (1962), p. 588
and Dixon and Massey (1957), p. 219 assuming that the regression
slopes within groups are the same and that the relationship between
group means ¥y;, X; is linear.

H Fairfield Smith (1957) gives a lengthy discussion of the prob-
lem of comparing B, and B;. He points out that the basic assumption
of analysis of covariance states that treatment effects are independent
of x, and therefore a significant difference between b; and b, in a
particular problem is either an indication of a chance and irrelevant
association of treatment effect and the covariate, x, as in the example
shown in Table 1, or that in fact the covariance model is inadequate
for the problem at hand since there is a meaningful relationship
between x and treatment effects for this class of problem. He then
goes on to say that if a test of 8,, = B/ has meaning, the standard test
cited by Dixon and Massey and Winer is not appropriate.

Kahneman (1965) points out that when there is unreliability in
the measurement of x, the observed regression among group means will
tend to be steeper than the observed within-group regression (b; > b,,).

If the covariance model is appropriate and its assumptions are
satisfied, the within-group regression coefficient b, should be used
in making adjustments. If there is only one observation per group b
could be used as a poor substitute. If the covariance model is not
appropriate because there is some interaction between the treatments
and the covariate x, a new model should be constructed which describes
the situation and an analytic procedure derived for that model. Con-
structing a new model is not an easy problem. It is not at all clear
that a between-groups regression adjustment would ever be the appro-
priate solution. Smith (1957) comments:

No work seems to have been done on constructing mathematical models for
situations where a between treatment regression may be of interest and dif-
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ferent from an internal regression. The task seems to be less simple than
anticipated. A suitable form may need to be derived for each case individually
with attention to the physical or biological circumstances.

Covariance Versus Matching or Blocking

When treatment groups are to be compared on the basis of a criterion
variable, y, how should a covariate, x, be treated in the design of
the study? Should the experimenter use completely randomized
assignment and covariance analysis or rank the nt individuals on x
and form m blocks of t individuals each and assign at random to
treatment groups from each block? There is no simple answer to this
question. It depends on the size of the correlation between x and y
and the likelihood that all the assumptions necessary for covariance
analysis will be satisfied. Of course, either procedure should be used
with caution if assignments to treatments were not at random.

Cox (1957) and Myers (1966) give good discussions of the relative
advantages of matching and covariance. Under the null hypothesis of
no treatment effects and the assumption that x and y follow a bivariate
normal distribution with correlation coefficient p, Cox (1957) com-
pared the precision of blocking versus covariance. He concluded that
if p < 0.4, blocking is preferable to covariance analysis, if p > 0.6
covariance analysis is somewhat better, and if p > 0.8 covariance
analysis is appreciably better.

There are other considerations involved in the decision, however.
If the number of treatments is large it may be difficult to construct
homogeneous blocks. If the distribution of x has long tails, the end-
blocks will consist of individuals with widely different values of
x and blocking will be relatively less effective.

On the other hand, blocking is a reasonably efficient procedure
for any smooth regression curve between y and x, not just for linear
regression. The treatments by blocks interaction may be of interest;
if it is expected to be significant, covariance analysis would be inap-
propriate because the assumption of homogeneity of regression would
be incorrect.

In short, unless a strong linear relationship between x and y can
be expected independent of treatments, blocking is probably a pre-
ferable technique.

It is sometimes suggested that covariance analysis is preferable
to blocking when x is measured with error. In fact, however, unre-
liability in the measurement of x has similar effects on the two
procedures—neither removes all the bias due to x.
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